We obtain the asymptotic formulas of arbitrary order for the eigenvalues and the eigenfunctions of the differential operator generated by ordinary differential equation with Lebesgue integrable complex-valued coefficients and the quasiperiodic boundary conditions.
We consider the differential operator L t (p), generated in the space L 2 [0, 1] by the differential expression l(y) = y (n) + p 2 (x)y (n−2) + . . . + p n (x)y (1) and the quasiperiodic boundary conditions y (ν) (1) = e it y (ν) (0), ν = 0, 1, 2, . . . , (n − 1),
where p s (x) for s = 2, 3, · · · , n are Lebesgue integrable complex-valued functions, t ∈ [0, 2π) when n is odd number and t ∈ (0, π) ∪ (π, 2π) when n is even number. These boundary value problems play a fundamental role in the spectral theory of the differential operator L generated in the space L 2 (−∞, ∞) by expression (1) with periodic coefficients p 2 (x), p 3 (x), ..., p n (x), since the spectrum of the operator L is the union of the spectrum of L t for t ∈ [0, 2π) ( see [3] ).
In this paper we suggest a method by which we obtain the asymptotic formulas of arbitrary order O(k −l ) ( l = 1, 2, ...,) for the k-th eigenvalues and for the corresponding eigenfunctions of L t (p) when p s (x) ∈ L 1 [0, 1] for s = 2, 3, · · · , n, that is, when there is not any condition about smoothness of the coefficients p 2 (x), p 3 (x), ..., p n (x). The case n = 2, that is, the case of the SturmLiouville operator is investigated in [2, 8, 9] . In the classical investigations ( see [1, 4, 5] ) in order to obtain the asymptotic formulas of order O(1/ρ m+1 ) for the solutions y 1 (x, ρ), . . . , y n (x, ρ) of the equation l(y) + ρ n y(x) = 0 it is required that the coefficients p 2 (x), p 3 (x), ..., p n (x) be m, m − 1, ..., m + 2 − n times differentiable respectively. The method of [1, 4, 5] for finding the asymptotic formulas for the eigenvalues and the eigenfunctions is based on substituting the asymptotic formulas for the solutions and their derivatives into characteristic determinant. As a result the asymptotic formulas depend on the order of smoothness of the coefficients.
Let us introduce some definitions, notations and results of [4] from which we use essentially. By well-known definitions of the regular boundary conditions ( see [4] ) if n is odd, n = 2μ − 1, then the boundary conditions (2) are said to be regular if the numbers θ 0 and θ 1 defined by the identity
are both different from zero. Here the numbers ω 1 , ω 2 , . . . , ω n denote the different n-th roots of 1. It is clear that
for all values of t, where A is Vandermonde determinant of ω 1 , ω 2 , . . . , ω n . If n is even, n = 2μ, then the boundary conditions (2) are regular if the numbers θ −1 and θ 1 defined by the identity
are different from zero. It is not hard to see that
and , θ 0 = (−e it ) μ−1 (e 2it + 1)A. Moreover, if t = 0, π then θ 2 0 − 4θ 1 θ −1 = 0 and hence the roots ξ = e it , ξ = e −it of θ 1 ξ 2 + θ 0 ξ + θ −1 = 0 are simple. Therefore it follows from the classical investigations ( see Theorem 2 in page 64 of [4] ) that the eigenvalues of the operator L t (p) consist of the sequence {λ k (t) : k ∈ Z} satisfying
for |k| ≥ N, N 1 (see [6, 7] ). Here and in forthcoming relations by N we denote a large integer, that is, N 1, and by c m , for m = 1, 2, ..., the positive, independent on N constant, whose exact value is inessential. Note that (2kπi + it) n for k ∈ Z is the eigenvalue of the operator L t (0) corresponding to the eigenfunction e (2kπi+it)x , where L t (0) is the operator generated by the expression y (n) and the boundary conditions (2) . The formula (3) shows that the eigenvalue λ k (t) of the operator L t (p) is close to the eigenvalue (2kπi + it) n of the operator L t (0) and far from the other eigenvalues (2mπi + it)
of L t (0). Namely, for t ∈ [0, 2π) when n is odd number and for t ∈ (0, π) ∪ (π, 2π) when n is an even number we have the inequalities
where m = k and m ∈ Z . From these inequalities one can easily obtain the following relations for |k| ≥ N, for t ∈ [0, 2π) when n is odd number, and for t ∈ (0, π) ∪ (π, 2π) when n is even number from which we use essentially:
Asymptotic Formulas for the Eigenvalues
We consider the operator L t (p) as perturbation of the operator L t (0) by
To obtain the asymptotic formula for the eigenvalues λ k (t) and the corresponding normalized eigenfunctions Ψ k,t (x) of L t (p) we iterate the formula
where (., .) denotes the inner product in L 2 [0, 1], which can be obtained from
by multiplying by e (2kπi+it)x and using (8) we use (5)- (7), and the following lemma.
Lemma 1 Suppose |k| ≥ N, t ∈ [0, 2π) when n is odd number, and
where
Proof. The proof of this lemma is obvious if
.., n the proof is similar to the proof of lemma 1 of [8] 
Therefore there exist a positive constant C(k) and index k 0 satisfying (10). Then using
which can be proved as (8), we have
It follows from (13) and (5) for s = 0 that
where q > 2|k|, since |k 1 − k| > q > 2|k|. This implies that the decomposition of Ψ k,t (x) by basis {e
q n−1 . Now we prove that Ψ k,t (x) has the similar decomposition. Using the integration by parts, the boundary conditions (2), and the inequality (13), we obtain
Therefore arguing as in the prove of (15) and using (5) for s = 1, we get
In the same way we obtain
and tending q to ∞, we obtain (9). Now we prove (11). It follows from (18) that
where s = 0, 1, . . . , (n − 2). Putting this in C(k) (see (10)), tending q to ∞, and using the integration by parts, we get
Case 2: m = k. Then using the obvious inequalities
, and (6), we obtain
This, together with (20), (21) implies that
) from which we obtain (11). From (9) using the integration by parts, we get
Now we iterate (8) as follows. First replace the right-hand side of (8) by the right-hand side of (23) ( it is first replacement) and get
In the right-hand side of (25) isolate the terms containing the multiplicand (Ψ k,t (x), e (2kπi+it)x ) (i.e., case k 1 = 0) and replace Ψ k,t (x), e
for k 1 = 0 by by the right-hand side of (12). It is the second replacement. After the second replacement in (25), we obtain the following first iteration of (8)
Thus we got the first iteration of (8) doing the first replacement, then isolating the terms containing the multiplicand (Ψ k,t (x), e (2kπi+it)x ), and then doing the second replacement. In the same way we do the second iteration of (8) . Namely, first in (26) we replace ( 2 ( the validity of this replacement can be obtained from (23), replacing e (2kπi+it)x in the lefthand side of (23) by e (2πi(k−k 1 )+it)x ). Then isolate the terms containing the multiplicand Ψ k,t (x), e (2kπi+it)x (i.e., case
( see (12)). As a result we get the second iteration of (8)
Repeating this process m times ( i.e., doing the first replacement, isolating the terms containing the multiplicand (Ψ k,t (x), e (2kπi+it)x ), and then doing the second replacement etc.), we obtain the following m-th iteration of (8)
where 
Moreover, by (10), (11) we have | P |< c 4 | k | n−2 . These inequalities and (6) imply that
Now using (28) and (35) we prove the following
for m = 1, 2, . . . , where t ∈ [0, 2π) when n is odd number, and t ∈ (0, π) ∪ (π, 2π) when n is even number,
Proof. Using (22), (11) and (7), we get
Therefore, the expansion of the normalized eigenfunction Ψ k,t (x) by the orthonormal basis {e (2πim+it)x : m ∈ Z} has the form
Now dividing both sides of (28) by (Ψ k,t (x), e (2kπi+it)x ) and using (35) we obtain
Since A 1 (λ k (t)) = 0, the formula (36) for m = 1 is proved. Now we consider this formula for m = 2. By definition, we have A 2 (λ k (t)) = a 1 (λ k (t)). Using
(see (3), (4)), (29), (33) for s = 1, (34) for l = 1, and (6) one can easily verify that
Therefore (37) follows from (40) and (41). Now we prove (36) by induction with respect to m. Assume that (36) holds for m = j − 1, that is,
Substituting this value of λ k (t) into A j (λ k (t)) in (40) for m = j, we get
Arguing as in the proof of (41), we obtain
The last two formulas imply (36) for m = j
Asymptotic Formulas for the Eigenfunctions
Now we prove the asymptotic formulas of arbitrary order for the eigenfunctions Ψ k,i (x) of the operator L(q). As we noted above the normalized eigenfunctions Ψ k,i (x) satisfy the formulas (38), (39). Since the eigenfunction is determined up to constant there exists eigenfunction Ψ k,i satisfying
where, for simplicity of notation and for brevity of formulas, we denote this eigenfunction again by Ψ k,i (x) and obtain asymptotic formulas for this eigenfunction. Finding the norm of this eigenfunction one can find the asymptotic formulas of arbitrary order for normalized eigenfunction. (43) the following formulas holds 
Theorem 2 For the eigenfunction
Proof. The eigenfunction Ψ k,t (x) has the decomposition
The right-hand side of this formula can be obtained from the right-hand side of (25) by replacing η(k 1 , k) by e (2πi(k−k 1 )+it)x . Therefore doing the iterations by the procedure which was done successfully before in order to obtain (26), (27), (28) from (25), we obtain
from (46), where R * m is obtained from R m (see (32)) by replacing η(k 1 , k) by e (2πi(k−k 1 )+it)x . Namely, to obtain (47) from (46) we isolate the term with multiplicand Ψ k,t (x), e (2kπi+it)x = 1 (see (43), i.e., case k 1 = 0) and replace Ψ k,t (x), e (2πi(k−k 1 )+it)x for k 1 = 0 by by the right-hand side of (12) and get the first iteration of (46). To obtain the second iteration of (46) we repeat the second iteration of (8) ( see the procedure which was done in order to obtain (27) from (26)). In the same way we get the m-th iteration (47) of (46). Now instead of η(k 1 , k) considering e (2πi(k−k 1 )+it)x , using |e (2πi(k−k 1 )+it)x | = 1 instead of η(k 1 
n−2 ) , and then repeating the estimations which were done for the proof of (35), (42), we obtain
Finally, using these estimations in (47) we get the proof of (44). In case m = 2 arguing as in the proof of (37), we obtain the prove of (45) 
